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We investigate entanglement phase transitions from volume-law to area-law entanglement in a quantum many-
body state under continuous position measurement on the basis of the quantum trajectory approach. We find the
signatures of the transitions as peak structures in the mutual information as a function of measurement strength,
as previously reported for random unitary circuits with projective measurements. At the transition points, the en-
tanglement entropy scales logarithmically and various physical quantities scale algebraically, implying emergent
conformal criticality, for both integrable and nonintegrable one-dimensional interacting Hamiltonians; however,
such transitions have been argued to be absent in noninteracting regimes in some previous studies. With the aid
of U(1) symmetry in our model, the measurement-induced criticality exhibits a spectral signature resembling a
Tomonaga-Luttinger liquid theory from symmetry-resolved entanglement. These intriguing critical phenomena
are unique to steady-state regimes of the conditional dynamics at the single-trajectory level, and are absent in the
unconditional dynamics obeying the Lindblad master equation, in which the system ends up with the featureless,
infinite-temperature mixed state. We also propose a possible experimental setup to test the predicted entangle-
ment transition based on the subsystem particle-number fluctuations. This quantity should readily be measured
by the current techniques of quantum gas microscopy and is in practice easier to obtain than the entanglement
entropy itself.
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I. INTRODUCTION
Entanglement is an important diagnostic tool for many-
body quantum systems from various aspects, such as critical
phenomena, nontrivial topology, and dynamics [1–3]. Given
a low-entangled state as an initial state, unitary time evolu-
tions generate entanglement between two distant subregions
of the system. For generic systems exhibiting thermalization,
a bipartite entanglement entropy, a typical measure of entan-
glement, grows linearly in time and saturates to a steady-state
value after a long time, whose amount is in general propor-
tional to the volume of the subregion. This is known as the
volume law of the entanglement entropy, and is a characteris-
tic feature of equilibrium states at finite temperatures.
Quantum systems that do not obey thermalizing behaviors
have intensively been studied, including many-body localized
states [4, 5] and quantum scar states [6, 7]. For example,
the many-body localized states are characterized by a bipar-
tite entanglement entropy scaling with the surface area of the
subregion, which is called the area law. Recently, an alter-
native way to realize non-thermalizing states with area-law
entanglement has been proposed by the use of projective mea-
surements. As the projection measurement of a local opera-
tor disentangles the measured local state from the rest of the
system, a frequent operation of the projective measurements
will tend to decrease the entanglement entropy. This proto-
col has been investigated for one-dimensional (1D) systems
in combination with the unitary time evolution generated by
random unitary circuits [8–10], which are considered as sim-
ple toy models to capture the entanglement growth in ther-
malizing systems [11–15]. It has been shown that the com-
petition between the random unitary dynamics and projective
measurements gives rise to a quantum phase transition in en-
tanglement from the volume law to area law as the measure-
ment strength is increased. Remarkably, a pure state at this
transition point exhibits a logarithmic scaling of the entan-
glement entropy with the subregion size and power-law be-
haviors in various correlations, which are prominent features
of critical systems described by the (1+1)-D conformal field
theory (CFT). Such measurement-induced entanglement tran-
sitions have been studied in different setups of circuit models
and from various physical aspects [16–30]. There have also
been several attempts to analytically extract universal quanti-
ties at the criticality by mapping circuit models to statistical
mechanical models of percolation [9, 31, 32].
A natural question is whether or not a measurement-
induced criticality (MIC) also occurs in generic open many-
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2body systems that are directly relevant to realistic physical
setups. For free-fermion systems under continuous measure-
ment, it has been argued that there would be no transitions on
the basis of the collapsed quasipartcle pair ansatz, which could
also be applied to integrable models [33]; as long as this ansatz
is applicable, the entanglement entropy should obey the area
law for any finite strength of the measurement. On the other
hand, a non-integrable, Bose-Hubbard model under random
projective measurements has been shown to exhibit a MIC
with scaling behaviors expected from those for the random
unitary circuits [34]. There have also been related studies for
the (unstable) Bose-Hubbard model with two-body loss [35]
and a quantum Ising model with random projective measure-
ments [36].
In this paper, we study the dynamics of many-body quan-
tum states in a 1D interacting system of bosons under con-
tinuous measurement of local particle numbers. Follow-
ing Refs. [33, 35], we employ the quantum trajectory ap-
proach [37] to directly access the entanglement dynamics of
pure states conditioned on measurement outcomes, instead
of focusing on the unconditional dynamics of density matri-
ces through the Lindblad master equation. The latter case,
rather, leads to trivial featureless steady states given by the
infinite-temperature equilibrium states for generic noninte-
grable Hamiltonians. In the quantum trajectory approach,
measurements occur as quantum jumps associated with the
nonunitary time evolution governed by a non-Hermitian
Hamiltonian. In contrast to previous studies with random pro-
jective measurements [8–10, 16–23, 25, 34], the probability
distribution of measurement is in general not uniform in both
space and time and depends on the expectation values of ob-
servables under the nonunitary time evolution. However, in
our case of continuous position measurement, the U(1) sym-
metry associated with particle-number conservation renders
the non-Hermitian part of the Hamiltonian just a constant and
sets the probability distribution to be uniform in time, i.e.,
the frequency of observing quantum jumps remains the same.
The probability distribution for measured positions of parti-
cles also becomes effectively uniform due to quick relaxation
of local occupation numbers in the regime of time scale that
we are interested in. Therefore, our model of continuous mea-
surement in the view of quantum trajectory is considered to
give the dynamics close to those of unitary circuit models with
random insertions of projective measurements, apart from the
fact that the unitary time evolution in our case is given by the
Hamiltonian.
From numerical simulations for finite-size systems, we
find that the entanglement entropy in steady states averaged
over different realizations of quantum trajectories undergoes
a phase transition from the volume-law to area-law regimes
as the measurement strength is increased. At this transition
point, the results feature various signatures of emergent con-
formal invariance and thereby the MIC, such as logarithmic
scaling of the von Neumann entanglement entropy in sub-
system sizes, algebraic decays of correlation functions, and
quadratic dispersions of the U(1)-symmetry resolved entan-
glement suggestive of a free boson CFT or a Tomonaga-
Luttinger liquid theory; however, universal quantities at the
MIC do not resemble those for the conventional quantum criti-
cality described by the (1+1)-D CFT. As proposed in Ref. [16]
for unitary circuits, the transition point can be conveniently lo-
cated by a peak structure of the mutual information or certain
correlation functions. Importantly, these characteristic behav-
iors in the MIC appear in both integrable and nonintegrable
regimes of the model, suggesting that the entanglement dy-
namics in integrable systems might be more intricate than that
captured by a simple quasiparticle picture [33]. We empha-
size that our model is directly relevant to the current technol-
ogy of ultracold atomic experiments. In particular, to test our
theoretical results, we propose probing several physical ob-
servables such as the subsystem particle-number fluctuations,
which should be measured by the site-resolved detection tech-
niques enabled by quantum gas microscopy.
This paper is organized as follows. In Sec. II, we introduce
our model and the quantum trajectory approach for continuous
measurement along with its simulation protocol. In Sec. III,
we present our main results of numerical simulation and show
characteristic behaviors of the entanglement and correlation
functions at the MIC. In Sec. IV, we discuss applications of
our model to ultracold atomic experiments and propose useful
probes to detect the MIC. We conclude our paper in Sec. V.
Appendix A provides a detailed comparison of different scal-
ing analyses for the entanglement entropy in the vicinities of
MICs.
II. MODEL
A. Hamiltonian
We consider a hard-core boson chain, or equivalently a
spin-1/2 chain, of the length L given by the Hamiltonian,
H =
L∑
j=1
[
J
2
(
b†jbj+1 + bjb
†
j+1
)
+ V njnj+1
+
J ′
2
(
b†jbj+2 + bjb
†
j+2
)]
, (1)
where bj (b
†
j) is the bosonic annihilation (creation) operator
acting on site j, which is subject to the hard-core constraint
(bj)
2 = 0, and nj = b
†
jbj . The model is schematically illus-
trated in Fig. 1. For the case with the nearest-neighbor hop-
ping only (i.e., J ′ = 0), the Hamiltonian becomes the well-
known, integrable XXZ chain, which can be further mapped
onto a free fermion chain for V = 0 via the Jordan-Wigner
transformation. A nonzero next-nearest-neighbor hopping J ′
breaks the integrability. Throughout this paper, we adopt the
periodic boundary condition: bL+j ≡ bj .
B. Conditional dynamics under continuous measurement
We consider the nonunitary dynamics of the model (1) un-
der measurement on the basis of the quantum trajectory ap-
proach [37], whose applications to many-body quantum sys-
3FIG. 1. A hard-core boson chain subject to continuous position mea-
surement via light scattering. The lattice site occupied by a boson
is illustrated by a blue filled circle and j labels the lattice site. The
(next-)nearest-neighbor hopping is represented by (J ′) J while the
interaction strength is V .
tems can be found in the literature [38–43]. To proceed, we
start with the Lindblad master equation, which describes un-
conditional, dissipative dynamics of the model coupled to a
Markovian environment and is given by
d
dt
ρ(t) = −i[H, ρ(t)]
+
∑
j
γj
(
Ljρ(t)L
†
j −
1
2
L†jLjρ(t)−
1
2
ρ(t)L†jLj
)
,
(2)
where ρ(t) is the density matrix. The continuous measure-
ment of local occupation numbers via, e.g., dispersive light
scattering can be modeled by choosing the Lindblad operators
to be
Lj = nj . (3)
This relation has been derived from the microscopic light-
matter interactions for experimentally relevant setups of ul-
tracold atoms in optical lattice both at the levels of master
equation [38] and continuous monitoring [44].
Writing the basis states as nj |N〉j = N |N〉j (N = 0, 1),
the number operator nj is obviously a projection operator onto
an occupied state |1〉 at site j, and thus n2j = nj . The constant
γj controls the strength of the measurement at site j, and 1/γj
is a characteristic time scale called the Zeno time [45]. Heat-
ing dynamics and the subsequent thermalization of the related
models have previously been studied in Refs. [39, 43, 46, 47].
For our purpose of examining the entanglement entropy, we
need to go beyond the unconditional dynamics of the model
for which the mixed-state density matrix averaged over mea-
surement outcomes is analyzed. Instead, we focus on a quan-
tum trajectory |ψ(t)〉, or said differently, a pure-state den-
sity matrix ρ(t) = |ψ(t)〉〈ψ(t)|, which describes the dynam-
ics conditioned on measurement outcomes without averaging
[48–50].
The trajectory dynamics for a free-fermion chain (V =
J ′ = 0) under continuous position measurement has been
studied in Ref. [33] where each realization of quantum trajec-
tory |ψ(t)〉 is generated by solving the stochastic Schro¨dinger
equation obeying the Wiener process [45]. In this study, we
instead solve the stochastic Schro¨dinger equation obeying the
discrete stochastic process, known as the marked point pro-
cess, which is expressed as [45]
d|ψ(t)〉 = −i
Heff + i
2
L∑
j=1
γj‖Lj |ψ(t)〉‖2
 |ψ(t)〉dt
+
L∑
j=1
(
Lj |ψ(t)〉
‖Lj |ψ(t)〉‖ − |ψ(t)〉
)
dNj(t). (4)
Here, Heff is the non-Hermitian Hamiltonian defined by
Heff = H − i
2
L∑
j=1
γjLjL
†
j , (5)
and dNj(t) are discrete random variables that take mean val-
ues,
E[dNj(t)] = γj‖Lj |ψ(t)〉‖2dt, (6)
with E[· · · ] representing the ensemble average over the
stochastic process, and that satisfy the stochastic calculus:
dNj(t)dNk(t) = δjkdNj(t). (7)
Specifically, the stochastic Schro¨dinger equation can in prac-
tice be simulated by the following update algorithm [45]:
1. Starting from an initial state |ψ(0)〉 at t = 0, we evolve
the state by the Schro¨dinger equation with the non-
Hermitian Hamiltonian Heff,
d
dt
|ψ(t)〉 = −iHeff|ψ(t)〉, (8)
until a waiting time t = τ set by the relation,
‖e−iHeffτ |ψ(t)〉‖ = η, (9)
where η is chosen from the uniform distribution in
[0, 1].
2. At t = τ , a quantum jump by the Lindblad operator Lj
occurs with the probability pj given by
pj =
γj‖Lj |ψ(τ)〉‖∑
k γk‖Lk|ψ(τ)〉‖
. (10)
The state |ψ(τ)〉 is then replaced as
|ψ(τ)〉 → Lj |ψ(τ)〉‖Lj |ψ(τ)〉‖ . (11)
3. Process 1 is repeated by replacing the initial state |ψ(0)〉
by Eq. (11).
4As seen from Eq. (9), the waiting-time distribution for quan-
tum jumps or projective measurements is determined by the
norm of a state evolved under the nonunitary time evolution
and is not ensured to be uniform in general.
In the following discussion, we consider the continuous
measurement performed uniformly in space, that is,
γj ≡ γ. (12)
In this case, the nonunitary time evolution by the non-
Hermitian Hamiltonian (5) becomes equivalent to the unitary
dynamics by the (Hermitian) Hamiltonian H upon the nor-
malization of the state norm:
Heff = H − iγ
2
L∑
j=1
nj (13)
= H − iLγν
2
. (14)
Here, we have replaced the non-Hermitian part by filling
ν = 〈ntot〉/L of the initial state in the second line, since the
total particle number ntot =
∑L
j=1 nj is conserved under the
time-evolution byHeff and the projective measurements of nj .
Therefore, combined with Eq. (9), the projective measurement
is performed at a constant rate:
τ = −2 ln η
Lγν
. (15)
In this marked-point-process formulation of quantum tra-
jectory, the corresponding dynamics might be compared with
the unitary circuit dynamics with random projective measure-
ments, apart from the fact that the unitary dynamics is given
by the unitary time evolution with the Hamiltonian (1) in the
former case. In the unitary circuit dynamics, the probability of
measurement follows a uniform distribution in both space and
time. For our case, the probability distribution of measure-
ment is uniform in time but not in space as given in Eq. (10).
Since ‖nj |ψ(τ)〉‖ =
√〈ψ(t)|nj |ψ(t)〉, the probability distri-
bution in space depends on the expectation values of occupa-
tion numbers nj at time t = τ when a quantum jump is to be
observed. This indicates that occupied states are more likely
to be measured than empty states, measured states too at the
next quantum jump, and thus the particle configuration of a
quantum trajectory might be kept frozen in that of the initial
state during the time evolution. However, as we will see in the
next section, the expectation values of the occupation num-
bers nj relax to the mean value ν in a shorter time scale than
the waiting time τ for quantum jumps in the regime we are in-
terested in. Hence, a memory of the inhomogeneous particle
configuration in the initial state is washed out and the particle
density distribution becomes uniform on average after a cer-
tain time. This makes the probability distribution of measure-
ment in our model effectively uniform in space, and therefore
we expect measurement-induced transitions similar to unitary
circuit models for steady-state properties in the quantum tra-
jectory dynamics.
We remark that, in the unconditional dynamics governed by
the Lindblad master equation (2), a mixed-state density matrix
simply converges to the infinite-temperature state in the long-
time limit. In fact, when a jump operator is Hermitian (or
more generally normal), the steady state of a generic noninte-
grable many-body system should be the infinite-temperature
state [38, 39, 43, 51]. This fact can be inferred from the facts
that the master equation (2) permits the solution ρ ∝ 1 when
Lj is Hermitian (or normal) for all j and that this is the unique
solution because of the Perron-Frobenius theorem [52], unless
the ergodicity of the Liouvillean matrix is violated due to ad-
ditional symmetries [53].
III. RESULTS
In the following, we show numerical results obtained for
the Hamiltonian (1) with the system sizes from L = 8 to 24
under the periodic boundary condition. We choose the initial
state in the “Ne´el” state with fixed filling ν = 1/2:
|ψ(0)〉 = |0101 · · · 01〉. (16)
We set J = 1 to be the unit of energy. For the nonunitary
time evolution given in Eq. (8), which is now equivalent to the
unitary time evolution by the Hamiltonian (1) (upon the renor-
malization) as we discussed, we employ the standard RK4
method to solve the Schro¨dinger equation with the maximal
time slice ∆t = 0.01. The time evolutions are performed in
the range of t ∈ [0, 100] for nonintegrable cases of (i) V = 0,
J ′ = 0.5, (ii) V = 0, J ′ = 1, and (iii) V = 1, J ′ = 0.5,
whereas t ∈ [0, 200] for an integrable case of (iv) V = 1,
J ′ = 0. The averaged quantities are computed with 400–800
realizations of the quantum trajectories.
A. Particle density profiles
We first show the spatiotemporal evolutions of the local par-
ticle densities for a nonintegrable model (V = 0, J ′ = 1) for
the measurement strengths γ = 0.1 and γ = 1 in Fig. 2. For
a small γ, the particle density 〈nj(t)〉 = 〈ψ(t)|nj |ψ(t)〉 for
a single quantum trajectory |ψ(t)〉, which is initially fixed to
0 or 1, relaxes to the filling ν = 1/2 in time t ∼ O(1) only
with small deviations [Fig. 2 (a)]. Although it jumps to 1 right
after the projective measurement occurs, it then relaxes to 1/2
again by the (non)unitary time evolution. Such relaxation dy-
namics has been observed previously in a similar setup [43],
but we are now interested in a regime where the relaxation and
measurement rates become more competitive. For a large γ,
the density profiles become more diffusive due to competition
between the (non)unitary time evolutions and the projective
measurements [Fig. 2 (b)]. However, the particle densities av-
eraged over quantum trajectories clearly converge to ν = 1/2
for a late time, irrespective of their initial values, as seen from
Figs. 2 (c)-(d). We also find similar spatiotemporal behav-
iors of the particle densities for an integrable model (V = 1,
J ′ = 0) as shown in Fig. 3, although their relaxation dynam-
ics is commonly recognized to be more subtle than that for
nonintegrable models. In Fig. 4, we show the steady-state
5FIG. 2. Time evolutions of the local particle densities 〈nj(t)〉 for
a nonintegrable model with V = 0, J ′ = 1, and L = 20 at half
filling. The panels (a) and (b) show those for a single trajectory with
γ = 0.1 and γ = 1, respectively. The panels (c) and (d) show their
averages over 400 quantum trajectories with standard error for sites
j = 1 and j = 2.
FIG. 3. Time evolutions of the local particle densities 〈nj(t)〉 for an
integrable model with V = 1, J ′ = 0, and L = 20, as shown in
Fig. 2.
values of the square roots of the particle densities,
√〈nj〉,
which are obtained by averaging
√〈nj(t)〉 over both quan-
tum trajectories and the time interval t ∈ [50, 100] for the
nonintegrable case (V = 0, J ′ = 1) and over t ∈ [150, 200]
for the integrable case (V = 1, J ′ = 0), in which 〈nj(t)〉 ap-
pears to saturate. The steady-state values of
√〈nj〉 take the
same values within error, irrespective of the particle position
j, and thus keep no memories of the initial particle configura-
tion of the Ne´el state. This indicates that the distribution of the
square roots of the particle densities and thereby the probabil-
ity distribution pj of the projective measurements are uniform
in space, on average, for a late time. In this sense, our system
is considered to be not very far from the unitary dynamics
with random projective measurements, in which the probabil-
ity distribution of the measurement is uniform in both space
and time. This also ensures the spatial translational invariance
of steady-state quantities averaged over quantum trajectories
in the following analysis.
FIG. 4. Steady-state values of the square roots of the particle den-
sities 〈nj〉 for the L = 20 systems of (a) a nonintegrable case with
V = 0, J ′ = 1 and (b) an integrable case with V = 1, J ′ = 0 for
γ = 0.1, 1, 10. The averages are taken over 400 quantum trajectories
and over the time interval (a) t ∈ [50, 100] or (b) t ∈ [150, 200].
B. Entanglement profiles
We now move on to our main focus on the quantum tra-
jectory dynamics of the pure-state entanglement under con-
tinuous measurement. We quantify the entanglement under
bipartition of the system by the von Neumann entanglement
entropy,
SA(t) = −TrA[ρA(t) ln ρA(t)], (17)
where ρA(t) is the reduced density matrix of the subregion
A obtained by tracing out the degrees of freedom in the
complement of A, denoted by A¯, from the density matrix
ρ(t) = |ψ(t)〉〈ψ(t)| as
ρA(t) = TrA¯ ρ(t). (18)
Owing to the translational invariance of SA(t) averaged over
quantum trajectories, we choose A = {j | 1 ≤ j ≤ lA} with
lA being the length of A without loss of generality and write
SA(t) = S(lA, t). In Fig. 5, we show time evolutions of the
half-chain entanglement entropies S(lA = L/2, t) averaged
over quantum trajectories. While the entanglement entropy
is initially zero as the states are prepared in the Ne´el state as
a product state, the averaged ones linearly increase in early
time and saturate to steady-state values in late time, which
decrease with increasing of the measurement strength γ. We
then obtain the steady-state entanglement entropies S(lA) by
averaging S(lA, t) over the time interval t ∈ [50, 100] for non-
integrable models and t ∈ [150, 200] for integrable models.
In Fig. 6, we show the system-size dependence of the half-
chain entanglement entropies S(lA = L/2) in these steady-
state regimes. For both nonintegrable (V = 0, J ′ = 1) and
integrable (V = 1, J ′ = 0) cases, the entanglement entropy
appears to increase linearly in the system size for small γ, in-
dicating the volume-law entanglement expected for thermaliz-
ing states [43], while its increment is dramatically suppressed
for large γ, signaling the area-law entanglement caused by
frequent applications of the projective measurement. Thus,
the results indicate the signature of an entanglement transi-
tion at which the entanglement entropy can scale logarithmi-
cally as lnL. However, we find that it is in practice difficult
to accurately estimate critical measurement strengths γc by
just fitting functional forms of the entanglement entropy with
6FIG. 5. Time evolutions of the von Neumann entanglement entropies
S(lA = L/2, t) averaged over 800 quantum trajectories for several
values of the measurement strength γ. The data are shown for the
L = 20 systems of nonintegrable models (a) V = 0, J ′ = 0.5, (b)
V = 0, J ′ = 1, and (c) V = 1, J ′ = 0.5, and an integrable model
(d) V = 1, J ′ = 0. Since data sets are dense, the apparent widths of
curves are the standard errors.
small-system-size data. Instead, we adopt the mutual infor-
mation proposed in Ref. [16] as a more convenient measure
to quantify the critical value γc in the following subsection.
We emphasize that such a steady-state property sensitive to
the measurement strength is a unique consequence of the con-
ditional dynamics at the single-trajectory level, far beyond the
unconditional dynamics at the level of the master equation (2).
This unique feature is particularly intriguing in light of the
fact that the latter dynamics merely ends up with the feature-
less, infinite-temperature mixed state (see also discussions in
Sec. II B).
C. Mutual information and correlation functions
For two subregions A and B embedded in the whole sys-
tem, the von-Neumann mutual information is defined by
IAB(t) = SA(t) + SB(t)− SA∪B(t), (19)
where SA, SB , and SA∪B are the von Neumann entanglement
entropies of the subsystems A and B and their disjoint union
A ∪ B, respectively. Here, we choose the subregions A and
B to be single sites separated by the distance rAB on a ring of
the length L. Because of spatial homogeneity of the late-time
dynamics as discussed in Sec. III A, we may chooseA = {1},
B = {rAB + 1}, and thus A ∪ B = {1, rAB + 1} without
loss of generality, and the mutual information can be seen as a
function of rAB ; IAB(t) = IAB(rAB , t). For unitary circuits
with random projective measurements, the mutual informa-
tion IAB(rAB , t) in a steady-state regime has been found to
draw a peak at the measurement-induced entanglement transi-
tion [16]. We confirm that this is also the case for our quantum
trajectory dynamics.
FIG. 6. Steady-state values of the von Neumann entanglement en-
tropies S(lA = L/2) plotted against half of the system size L for
several values of the measurement strength γ. The averages are
taken over 800 quantum trajectories and over the time intervals (a)
t ∈ [50, 100] for a nonintegrable model with V = 0, J ′ = 0.5 and
(b) t ∈ [150, 200] for an integrable model with V = 1, J ′ = 0.
As before, we define the steady-state quantities by averag-
ing over the time interval t ∈ [50, 100] for nonintegrable mod-
els and t ∈ [150, 200] for integrable models, besides averag-
ing over quantum trajectories. The top panels of Fig. 7 show
the steady-state values of the mutual information IAB(rAB =
L/2, t) between antipodal sites j = 1 and j = L/2 + 1 on
a ring. They indeed draw broad peaks as the measurement
strength γ is varied. The peak positions appear to eventu-
ally converge with increasing the system size; although these
estimates are not quite accurate due to statistical error, the
peak positions γc roughly read off from the L = 20 systems
as γc ∼ 2 for (V, J ′) = (0, 0.5) and (1, 0.5), γc ∼ 3 for
(V, J ′) = (1, 0), and γc ∼ 1.2 for (V, J ′) = (1, 0). The valid-
ity of these estimates is substantiated by the scaling analysis
in the next subsection.
We have also computed the steady-state values of the con-
nected correlation functions of operators defined by
Xj ≡ 1
2
(bj + b
†
j) (20)
and of the particle number operators nj between antipodal
sites, whose absolute squares are shown in the two bottom
panels of Fig. 7. The correlation functions are closely related
to the mutual information in the following sense. It is known
that the von Neumann mutual information (19) gives an upper
bound on correlation functions [54],
IAB ≥ |〈OAOB〉c|
2
2‖OA‖2‖OB‖2 , (21)
7FIG. 7. Steady-state values of the mutual information IAB(rAB = L/2) and the absolute squares of the connected correlation functions
〈X1XL/2+1〉c and 〈n1nL/2+1〉c between antipodal sites are plotted as functions of γ. The data are shown for L = 8 to 20 and for the
parameter choices of nonintegrable models (a) V = 0, J ′ = 0.5, (b) V = 0, J ′ = 1, and (c) V = 1, J ′ = 0.5, and an integrable model (d)
V = 1, J ′ = 0. The averages are taken over 800 quantum trajectories and over the time intervals t ∈ [50, 100] for (a)–(c) and t ∈ [150, 200]
for (d).
where OA and OB are arbitrary operators supported on the
subregions A and B, respectively, 〈OAOB〉c ≡ 〈OAOB〉 −
〈OA〉〈OB〉 is the connected correlation function, and ‖ · · · ‖
denotes the Euclidean operator norm equivalent to the largest
singular value of the operator to be evaluated. It has been
found in Ref. [16] that the absolute square of the correlation
function of the Pauli operators, |〈Z1ZrAB+1〉c|2, shows a peak
structure similar to the mutual information for unitary circuits
with random projective measurements, in which case Zj it-
self is related to the measured operator Pj = (Zj + 1)/2.
Compared with our case, we can identify the particle num-
ber operator nj = Pj as (Zj + 1)/2 and the operator Xj
as another Pauli operator up to normalization of a factor of
2. We find that the correlation functions of measured oper-
ators nj monotonically decay with increasing of γ, whereas
those of Xj feature peak structures quite similar to the mu-
tual informations. As we will see in the next subsection, the
correlation functions of Xj even show almost the same ex-
ponents as those for the mutual information in their algebraic
decays at the entanglement transition. Such a distinct behav-
ior in the correlation functions might be attributed to the par-
ticle number conservation both in the Hamiltonian and in the
entire quantum trajectory dynamics in our model; in the ab-
sence of projective measurements, the unitary time evolutions
by a nonintegrable Hamiltonian and by random unitary cir-
cuits both provide chaotic dynamics and are expected to lead
to thermalization, while distinct behaviors could arise once
the dynamics preserves some symmetry, e.g., the U(1) sym-
metry [14, 15]. We speculate that the U(1) symmetry associ-
ated with the particle number conservation is the origin of the
different behavior in the correlation function of the measured
operators Pj = nj from the case of random quantum circuits
studied in Ref. [16]. It will be an interesting future problem
to examine whether such distinct behaviors dependent on the
presence or absence of U(1) symmetry can be found in differ-
ent setups of unitary dynamics with projective measurements.
D. Scaling behaviors at entanglement transitions
We here confirm emergent conformal invariance at the en-
tanglement transitions, which are located by the peak posi-
tions of the mutual informations for the L = 20 systems as
discussed above. From Ref. [55], the von Neumann entangle-
ment entropy of a conventional 1D critical system described
by CFT under the periodic boundary condition is given by
S(lA) =
c
3
lnxA + c
′, (22)
where xA = (L/pi) sin(pilA/L) is the chord length of the sub-
system A, c is the central charge, and c′ is a nonuniversal
constant. Thus, one may assume the scaling form S(lA) =
αS lnxA + βS right at the entanglement transitions [9, 16].
We show the steady-state values of the entanglement entropies
for different subsystem sizes in Fig. 8, which are fitted well
into this scaling form. The coefficients αS take similar val-
ues around 0.45 for nonintegrable models [Figs. 8 (a)–(c)],
while that of an integrable model [Fig. 8 (d)] deviates from
8FIG. 8. Steady-state values of the von Neumann entanglement en-
tropy S(lA) at the entanglement transitions γ = γc are plotted
against the logarithm of the chord length xA of the subsystem A for
L = 8 to 24. The averages are taken over 400 quantum trajectories
and over the time intervals t ∈ [50, 100] for nonintegbrable models
(a)–(c) and t ∈ [150, 200] for an integrable model (d). The solid
lines are fitting functions of the form αS lnxA + βS .
those values. However, none of them are likely to be com-
pared with the unitary CFT for 1D critical systems as c > 1
often requires larger Lie group symmetries than U(1). Nev-
ertheless, the U(1)-symmetry-resolved entanglement exhibits
some feature like a free boson CFT or a Tomonaga-Luttinger
liquid theory as we discuss in the next subsection. This may
indicate possible unconventional quantum critical phenomena
that are distinct from the known universality classes. The co-
efficients αS are also different from the previously reported
values for random unitary circuits [9, 16, 21] and for a Bose-
Hubbard model with random projective measurements [34],
which are summarized in Table I.
In the vicinity of the transition γ ∼ γc, the entanglement
entropy has been proposed to follow the scaling form [9, 16],
S(γ, L; lA = aL)− S(γc, L; lA = aL) = F [(γ − γc)L1/ν ],
(23)
where a is a constant which is set to be 1/2 in our analy-
sis and F is some smooth function of the single parameter
(γ − γc)L1/ν . The exponent ν is related to the divergence of
a correlation length ξ ∼ |γ − γc|−ν at the MIC. For the criti-
cal points γc estimated from the peak structures of the mutual
information in Sec. III C, we perform the scaling analysis for
data sets in the range γ ∈ [γc − 1, γc + 1] and for systems
sizes from L = 8 to 20. We obtain the exponents ν by the
Bayesian scaling analysis distributed in Ref. [56], which are
summarized in Table I. The resulting data collapses are shown
in Fig. 9. We have also performed the scaling analysis with-
out using a priori estimates of γc from the mutual information
but using the same data sets as detailed in Appendix A. The
obtained values of γc roughly agree with those estimated from
the mutual information within statistical error. In both analy-
ses, we find that the exponent ν takes values from 1.3 to 1.6.
We also study the scaling behavior of the steady-state mu-
tual information IAB(rAB) as a function of the distance rAB
between two sites at the entanglement transition γ = γc. Sim-
FIG. 9. Data collapses of the steady-state entanglement entropy into
the scaling form (23) for given estimates of the critical measurement
strength γc. The data are shown for nonintegrable models (a)–(c) and
an integrable model (d). Each data point is the averaged value over
800 quantum trajectories.
ilarly to the entanglement entropy, we use the chord distance
xAB = (L/pi) sin(pirAB/L). The results are shown in the top
panels of Fig. 10. The mutual informations exhibits power-
law behaviors IAB ∝ x−2∆AB for large distances, which are
predicted for 1D CFTs [57–59] and also confirmed for the
MICs in unitary circuit models [9, 16]. The corresponding
exponents ∆ are shown in Table I. As opposed to the obser-
vation made for the Bose-Hubbard model with random pro-
jective measurements [34], our analysis shows that the mutual
information is fitted well into a power-law form with an expo-
nent ∆ independent of the system size, although we can only
access relatively small systems compared with Ref. [34].
We also study the scaling behaviors of the absolute squares
of the connected correlation functions 〈X1XrAB+1〉c and
〈n1nrAB+1〉c in the steady-state regimes. which are shown
as functions of the chord distance xAB in the bottom two
panels of Fig. 10. Both correlations functions are fitted
well into power-law forms as anticipated for quantum criti-
cal systems. Furthermore, we found that exponents ∆X for
|〈X1XrAB+1〉c|2 ∝ x−2∆XAB are close to the exponents ∆ for
the mutual informations. As the exponent ∆ of the mutual in-
formation for small subregions A and B but a large distance
between them is the scaling dimension of a leading scaling
operator [59], this indicates that the operator Xj is related to
such a leading operator giving the most dominant correlation
at the entanglement transition. This is consistent with the fact
that the correlation |〈X1XL/2+1〉c|2 as a function of the mea-
surement strength γ shows the similar peak structure to the
mutual information as observed in Sec. III C. On the other
hand, the exponents ∆n for |〈n1nrAB+1〉c|2 ∝ x−2∆nAB are
generically larger than those for the mutual information and
|〈X1XrAB+1〉c|2. This could be related to their functional
forms in γ that do not follow those for the mutual informa-
tions. The exponents ∆X and ∆n at the MICs are also sum-
marized in Table I.
9Model (V, J ′) = (0, 0.5) (V, J ′) = (0, 1) (V, J ′) = (1, 0.5) (V, J ′) = (1, 0) Clifford [16] Haar [9] Haar [21] BH [34]
αS 0.442(2) 0.475(2) 0.462(2) 0.567(4) 1.6 1.7(2) 0.21(1)
ν 1.56(3) 1.43(3) 1.47(3) 1.27(2) 1.3 2.01(10) 1.2(2) 2.00(15)
∆ 1.167(5) 1.138(11) 1.117(5) 1.207(9) 2.1 ∼ 2 1.29-1.56
∆X 1.200(14) 1.258(20) 1.154(8) 1.190(10)
∆n 1.709(15) 1.674(27) 1.652(15) 1.719(13)
TABLE I. Coefficient αS of the logarithmic part of the entanglement entropy and exponents ν, ∆, ∆X , and ∆n for the entanglement entropy,
mutual information, and absolute squares of the correlation functions 〈XiXj〉c and 〈ninj〉c, respectively, which are obtained for several V
and J ′. The results are compared with those for the Clifford [16] and Haar [9, 21] random unitary circuits and the Bose-Hubbard (BH) model
[34] with random projective measurements.
FIG. 10. Steady-state values of the mutual information and the absolute squares of the connected correlation functions of Xj and nj at the
entanglement transition γ = γc are plotted against the chord distance xAB between two sites. The logarithmic scales are used for both axes.
Each data point is averaged over 400 quantum trajectories. The solid lines are fitting functions of the form Dx−2∆AB . For the correlation
functions, fitting is performed for data points with lnxAB ≥ 1.
E. U(1)-symmetry resolved entanglement
We finally examine entanglement measures particular
for U(1)-symmetry conserving systems, called the U(1)-
symmetry resolved entanglement entropy [60–62]. Since the
entire quantum trajectory dynamics conserves the total parti-
cle number ntot, we have [ρ(t), ntot] = 0. Tracing out the de-
grees of freedom in the subsystem A¯ in this expression yields
[ρA(t), nA] = 0 where nA =
∑
j∈A nj is the total particle
number operator in the subsystem A. Thus, the reduced den-
sity matrix ρA(t) computed from a quantum trajectory takes a
block-diagonal form,
ρA(t) =
lA⊗
NA=0
ρ
(NA)
A (t), (24)
where each block ρ(NA)A (t) is associated with an eigenvalue
NA of the operator nA. The block density matrix can be writ-
ten as
ρ
(NA)
A (t) = P(NA)A ρA(t)P(NA)A , (25)
where P(NA)A is a projection operator onto the subspace
of the particle number NA and can be defined through
the spectral decomposition nA =
∑lA
NA=0
NAP(NA)A . We
note that ρ(NA)A (t) is not normalized, adopting the conven-
tion of Ref. [61]. We then consider the largest eigenvalue
λ
(NA)
max (lA, t) of the block reduced density matrix ρ
(NA)
A (t),
which is related to the symmetry-resolved Renyi entangle-
ment entropy in the limit of Renyi index n → ∞. We expect
that λ(NA)max (lA) in a steady-state regime at the MIC is related
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FIG. 11. Largest eigenvalues of the symmetry-resolved reduced
density matrix ρ(NA)A for lA = L/2 are shown in the form
−[lnλ(NA)max (lA)+S(lA)/2] ln lA as functions ofmA = NA− lA/2.
Each data point is taken at t = 100 for nonintegrable models (a)-
(c) and at t = 200 for an integrable model (d) and then averaged
over 400 quantum trajectories. The solid lines are fitting functions
quadratic in mA.
to the scaling dimension ∆(NA) of an operator associated to
NA in a boundary CFT by
− lnλ(NA)max (lA) =
S(lA)
2
+ C
∆(NA)
ln lA
. (26)
Here, the first term comes from the lowest entanglement spec-
trum − lnλmax(lA) of the full reduced density matrix ρA(t),
which is called the single-copy entanglement. In the (1+1)-
D CFT, the scaling form of the single-copy entanglement has
been known to be half of the von Neumann entanglement en-
tropy S(lA)/2 [63, 64]. We adopt S(lA)/2 in the scaling form
(26) instead of using − lnλmax(lA) directly, since λmax(lA) is
almost degenerate betweenNA = (L/2±1)/2 sectors for sys-
tem sizes L ∈ 4Z+ 2 and the subsystem size lA = L/2. The
second term in Eq. (26) is expected from the scaling form of
entanglement spectral gaps in 1D critical systems, which is in-
versely proportional to ln lA and predicted by a boundary CFT
[65–67]. In Fig. 11, we show − lnλ(NA)max (lA) subtracted by
S(lA)/2 under the bipartition of the system lA = L/2 as func-
tions of the particle number deviation from the mean value
mA = NA − lA/2 in steady states. The scaling dimension
∆(mA) extracted from λ
(NA)
max (lA) up to a numerical constant
C are fitted into quadratic functions C ′m2A, which are remi-
niscent of those for a free boson CFT or a Tomonaga-Luttinger
liquid theory that describes conventional critical systems pre-
serving U(1) symmetry [61]. Also, the coefficients C ′ for
nonintegrable models [Fig. 11 (a)–(c)] take similar values.
This may indicate that C ′ is a universal value related to the
exponents ν or ∆ obtained in Sec. III D, which also take simi-
lar values. In the Tomonaga-Luttinger liquid theory, the coef-
ficient C ′ is proven to be a universal quantity depending only
on the scaling dimension of a leading operator [61]. Thus, the
underlying CFT of our MICs with U(1) symmetry may have
an operator content similar to the Tomonaga-Luttinger liquid
theory in conventional critical systems. However, we note that
in the Tomonaga-Luttinger liquid theory, the mutual informa-
tion takes a functional form IAB(rAB) ∝ x−2 min(η,1/η)AB with
a universal constant (or the Luttinger parameter) η and thus
the exponent ∆ cannot exceed 1 [57–59]; this is not the case
for the MICs as observed in Sec. III D. Therefore, the ob-
served MICs should belong to different universality classes
from the standard Tomonaga-Luttinger liquid theory even in
the presence of U(1) symmetry.
IV. APPLICATIONS TO EXPERIMENTS
In contrast to quantum circuit models, our theoretical con-
sideration is directly relevant to actual physical systems in,
e.g., ultracold gases. Specifically, to realize the model (1),
one can use the ladder-type optical lattice illustrated in Fig. 1.
A concrete protocol to realize such a zigzag lattice by the cur-
rent techniques can be found in Ref. [68]; a similar ladder
structure has already been realized in a number of experiments
(see, e.g., Ref. [69]). A hard-core bosonic gas can naturally be
realized by working in the Tonks-Girardeau regime via, for in-
stance, employing tight light-induced confinements [70, 71].
The system can be prepared in the Ne´el state [72, 73] as as-
sumed in the present numerical simulations, while we expect
that a specific choice of the initial state is irrelevant to steady-
state properties as long as the filling is the same. Finally, the
continuous measurement process corresponding to the jump
operator Lj = nj can be realized by combining dispersive
light scattering with the high-resolution optical setup as real-
ized in quantum gas microscopy [74].
A quantity that we are primarily interested in at the MIC is
the entanglement entropy. While the von Neumann entangle-
ment entropy mainly analyzed in this study is rather challeng-
ing to access in the currently available techniques, the second
Renyi entanglement entropy S2 = − ln TrA(ρ2A) has experi-
mentally been measured from quantum interference between
two identical copies of quantum many-body states [75] or by
randomized measurements [76]. We note that there might be a
Renyi index dependence for the critical measurement strength
and universal quantities at the MIC, such as αS and ν, as ob-
served in Refs. [9, 16, 21]. Thus, critical properties obtained
from the second Renyi entropy can in principle be different
from those obtained from the von Neumann entropy, which
have been studied in this paper.
Meanwhile, since our model preserves the total particle
number, one could instead focus on another useful quantity
called the bipartite particle-number fluctuation [77–80],
FA(lA) = 〈(nA − 〈nA〉)2〉, (27)
where nA is the total particle number operator in the sub-
system A as given above: nA =
∑
j∈A nj . The bipartite
fluctuation FA(lA) is relatively easy to measure compared to
the entanglement entropy itself in quantum gas microscopy or
quantum point contact [77, 80]. This quantity shares similar
properties with the von Neumann entanglement entropy S(lA)
in many aspects; in particular, it exhibits a logarithmic scaling
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FIG. 12. Bipartite particle number fluctuation FA(lA) plotted against
the logarithm of the chord distance xA of the subsystemA for L = 8
to 24. The data are shown for a nonintegrable model with V = 0 and
J ′ = 0.5 at the critical measurement strength γ = 2. Each data
point is the averaged value over 400 quantum trajectories and over
the time interval t ∈ [50, 100]. The solid line is the fitting function
of the form αF lnxA + βF .
in 1D critical systems described by the Tomonaga-Luttinger
liquid theory [78]. In Fig. 12, we show the steady-state values
of the bipartite fluctuation FA computed for quantum trajec-
tories at the MIC for a nonintegrable model with V = 0 and
J ′ = 0.5. It clearly exhibits a logarithmic scaling of the form
αF lnxA+βF with respect to the chord length xA of the sub-
system A, as expected.1
As discussed in Sec. III, locating the MIC only by the loga-
rithmic scalings of the entanglement entropy or bipartite fluc-
tuation might not be an easy task for small-size systems. One
can then use peak structures of the mutual information or cor-
relation functions to pin down the entanglement transition. As
discussed above, the mutual information defined through the
second Renyi entropy can in principle be measured in experi-
ment [75]. While the correlation functions of particle number
operators nj would be easiest to measure, they do not show
peak structures at the MIC. On the other hand, the correlation
functions of Xj = (b
†
j + bj)/2 instead show peaks and might
be measured by combining Ramsey spectroscopy with the
state-selective, site-resolved projection measurement [81, 82].
The other quantity, which is perhaps much more accessible
in ultracold atomic measurements, is related to the complex
amplitude of a two-point operator between two identical but
independent systems, summed over the system length,
AQ(L) =
L∑
j=1
b†1,jb2,j , (28)
where b1,j and b2,j are boson annihilation operators in the in-
dependent systems. The expectation value of this quantity it-
1 The Tomonaga-Luttinger liquid theory predicts that the coefficient αF for
this logarithmic scaling of FA(lA) and the coefficient C′ for the quadratic
scaling of the U(1)-symmetry resolved entanglement in Eq. (26) are both
related to the Luttinger parameter K = 1/2η by αF = K/pi2 and C′ =
pi2/2K [61, 78]. We thus find αF = 1/2C′. From the result of Sec. III E,
we obtain C′ ∼ 3.89 for the same model and then 1/2C′ ∼ 0.129.
Therefore, this relation also holds for our MIC as αF ∼ 0.124, providing
another evidence supporting a Tomonaga-Luttinger-liquid-like feature of
the MIC with the U(1) symmetry.
FIG. 13. Absolute square of the interference amplitude 〈|AQ|2〉 de-
fined in Eq. (29) is plotted against the measurement strength γ for the
L = 20 system of a nonintegrable model with V = 0 and J ′ = 0.5.
When the j = k contribution,
∑
j〈nj〉2, is subtracted, 〈|AQ|2〉
shows a peak structure. Each data point is the averaged value over
800 quantum trajectories and over the time interval t ∈ [50, 100].
self becomes zero, but that of its absolute square,
〈|AQ(L)|2〉 =
L∑
j=1
L∑
k=1
〈b†1,jb1,k〉〈b†2,kb2,j〉, (29)
is a meaningful quantity, which can be extracted as the av-
erage contrast in the time-of-flight interference measurement
[83, 84]. Since the two systems are identical, this can be com-
puted from two-point correlation functions of a single system.
The steady-state values of 〈|AQ(L)|2〉 are shown in Fig. 13 for
the L = 20 system of a nonintegrable model with V = 0 and
J ′ = 0.5. We find that 〈|AQ(L)|2〉monotonically increases as
the measurement strength γ is increased. This behavior comes
from the j = k contribution in the summation of Eq. (29),
which is the sum of the squared expectation values of the oc-
cupation numbers,
∑
j〈nj〉2. This quantity goes to L/4 in the
limit γ → 0 as 〈nj〉 relaxes to ν = 1/2, and it monotonically
grows and reachesL/2 in the limit γ →∞ as the quantum tra-
jectory is frozen to a product state by frequent measurements.
Subtracting this contribution from 〈|AQ(L)|2〉, we find a peak
at the critical measurement strength γ = 2. Thus, 〈|AQ(L)|2〉
could also be useful to locate the MIC.
V. CONCLUSION
We studied the quantum trajectory dynamics of many-body
quantum entanglement under continuous measurement. We
considered a hard-core boson chain subject to continuous
measurement of local occupation numbers in both noninte-
grable and integrable regimes. As observed for circuit mod-
els, we find the measurement-induced entanglement transition
from the volume-law to area-law regimes of the entanglement
as the measurement strength is increased. The transition point
can be located by peak structures of the mutual information
or correlation functions of the boson operators. At the transi-
tion, the von Neumann entanglement entropy scales logarith-
mically in the subsystem size and the mutual information and
correlation functions decay algebraically, indicating emergent
conformal invariance and thus the MIC. We extract various
critical exponents at the MIC, which appear not to fit into any
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known universality class of the conventional critical systems
described by the (1+1)-D CFT with the U(1) symmetry or
the MICs in circuit models. However, we also observe some
features reminiscent of a free boson CFT or a Tomonaga-
Luttinger liquid theory, such as quadratic scaling in the U(1)-
symmetry resolved entanglement and logarithmic scaling in
the bipartite particle-number fluctuation.
We emphasize that the entanglement transition is a phe-
nomenon beyond the unconditional dynamics obeying the
Lindblad master equation, where the system in general mono-
tonically heats up to the mixed-state density matrix of an
infinite-temperature equilibrium state and thus the steady-
state properties become featureless. Due to the U(1) symme-
try and quick relaxation of the local particle densities under
the time evolution, the quantum trajectory dynamics in our
model is close to that for unitary circuit models with random
projective measurements, except that the unitary dynamics is
effectively given by the unitary time evolution by the Hamilto-
nian. However, the trajectory dynamics can be more complex
in the absence of U(1) symmetry, since the time evolution be-
tween projective measurements (quantum jumps) is in general
the nonunitary dynamics given by a nontrivial non-Hermitian
Hamiltonian and may result in inhomogeneity in the waiting-
time distribution for quantum jumps and the probability dis-
tribution of measured sites. Therefore, it is interesting to ask
how the occasion for the measurement-induced transition is
extended to more general setups of the quantum trajectory dy-
namics, such as the one under a global measurement [85, 86].
Another question is the relation between integrability of
the Hamiltonian and the measurement-induced entanglement
transition. While we found the transition even in an integrable
regime of the model, it has been argued that for free-fermion
chains the volume-law entanglement regime is immediately
lost for any finite strength of the measurement [33]. The latter
scenario stems from the collapsed quasiparticle pair ansatz,
which is based on the quasiparticle pair ansatz proposed to
explain the linear growth of entanglement in the quench dy-
namics and the resulting volume-law entanglement in steady
states for integrable models [87, 88]. Thus, the collapsed
quasiparticle pair ansatz could also be applied to general inte-
grable models, implying the absence of entanglement transi-
tion. Since our numerical simulation is limited to small-size
systems, it is possible that the scaling ansatz fails for large sys-
tems and thus the entanglement transition disappears. How-
ever, as the authors of Ref. [33] noted, there can be more
complicated dynamics beyond the quasiparticle pair ansatz,
which makes the entanglement transition feasible. In fact,
Alberton et al. have recently suggested that even for free
fermion chains there can be an entanglement phase transition,
depending on specific ways of unraveling the Lindblad mas-
ter equation to define quantum trajectories [89]. They found
that both the quantum jump process used in our study and
a quantum diffusion (Wiener) process used in Ref. [33] lead
to transitions from the subvolume-law (logarithmic) to area-
law entanglement phase when the measurement strength is in-
creased. This raises another possibility that integrable systems
do not actually possess a volume-law entanglement phase but
a subvolume-law phase, whose scaling behavior can be ac-
cessed only for sufficiently large system sizes. We believe that
our study stimulates more detailed studies about scaling prop-
erties of the entanglement and their trajectory dependence on
the measurement-induced dynamics of many-body quantum
systems.
Last but not least, our model is directly relevant for experi-
mental realizations of the entanglement transition in ultracold
gases, where the nonunitary dynamics subject to site-resolved
continuous position measurement can be implemented via
quantum gas microscopy. Apart from direct measurement of
the entanglement entropy, we propose measuring the bipartite
fluctuation of the particle number as a useful quantity to ex-
tract the logarithmic scaling behavior at the MIC, thanks to
the total particle number conservation. The absolute square of
the interference amplitude, 〈|AQ|2〉, can also be used to pin
down the location of the MIC when the measurement strength
is controlled. We hope that our study stimulates further studies
and offers a foothold for experimentally exploring nontrivial
entanglement dynamics in open nonequilibrium many-body
systems.
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Appendix A: Scaling collapse of entanglement curves
In Sec. III D, we performed data collapses of the steady-
state entanglement entropy into the scaling form (23) with
critical measurement strengths γc a priori estimated from the
peak structures of the mutual information in Sec. III C. How-
ever, we can directly work on the scaling form (23) to estimate
both γc and the correlation length exponent ν without prior
knowledge about them. To do so, we employ an algorithm
proposed in Ref. [9] to perform this scaling analysis. Namely,
one can determine a set of curves,
yL = S(γ, L; lA)− S(γc, L; lA), (A1)
for a given data set and a given value of γc and ν, where
S(γ, L; lA) with γ not included in the data set is obtained
by a linear interpolation. The curve yL for a given L is a
function of γ and thereby a function of the scaling variable
x = (γ − γc)L1/ν . One can then define an objective function
as the sum of the mean-square deviations of each yL(x) from
their common mean,
R =
∑
i,L
[yL(xi)− y¯(xi)]2, (A2)
where xi is a scaling variable obtained from the data set and
y¯(x) is the average of yL(x) over different system sizes L.
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FIG. 14. Data collapses of the steady-state entanglement entropy into
the scaling form (23), obtained by the search algorithm presented in
Ref. [9]. The data are shown for nonintegrable models (a)–(c) and an
integrable model (d). Each data point is averaged over 800 quantum
trajectories.
The value of yL(x) with x not included in the data set is again
determined by a linear interpolation. An optimal estimate of
γc and ν will be obtained by minimizing the objective function
R(γc, ν).
We applied the above algorithm to search for the best esti-
mates of γc and ν and found that estimated values of γ sub-
stantially deviate to those in presumed volume-law regimes
when the data sets for all values of γ ∈ [0.1, 10] are used.
We thus use the same data sets used in Sec. III D to esti-
mate the exponents ν: γ ∈ [1, 3] for (V, J ′) = (0, 0.5) and
(1, 0.5), γ ∈ [2, 4] for (V, J ′) = (0, 1), and γ ∈ [0.2, 2.2] for
(V, J ′) = (1, 0). The obtained data collapses are shown in
Fig. 14 and the values of γc and ν are given in Table II, where
the comparison with the results in the main text is also made.
The obtained values of γc roughly agree with those obtained
in Sec. III C as they reside in ranges of the broad peaks of the
mutual information within statistical error, as shown in Fig. 7
for larger system sizes.
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